15 4 2002 10

Journal of Xinyang T eachersCollege
(N atural Science Edition)V ol 15Na 40Oct 2002
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Abstract: Predator-prey models play a crucial role in bioeconomics, that is the manageanment of renew able

resources A bioeconom icmodel of wo eciesw ith stage structure and the relation of predator-prey is estab-

lished, the necessary and sufficient condition for the pem anence of wo geciesand the extinction of one gecies

or wo ecies isobtained The optimal harvesting and the threshold of harvesting for the sustainable develop-

ment is also obtained
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The competitive, cooperative and predator-
prey models have been studied by many authors
(see monographs[ 1, 2, 3, 4,5, 6, 7]). The pemar-
nence (or strong persistence) and extinction are
significant conceptsof thosemodels How ever, the
stage structure of gecies has been considered
very little In the real world, aimost all animals
have the stage structure of mmature and mature
Recently, papers[ 8, 9] studied the stage structure
of gecies, the transformation rate of mature pop-
ulation is proportional to the existing mmature
population; papers[10, 11, 12] aloo studied the
stage-structured models, the time from birth to
maturity represented by a constant time delay.
Cannibalish models of various types have al
been investigated (see[ 13, 14, 15, 16]).

The optimal managenent of renewable re-
ources,w hich has a direct relationship to sustain-
able development, has been studied extensively by
many authors Econom ic and biological agpects of
renewv able reources management have been con-
sidered by Clark™" and other authors Predator-
prey models play a crucial role in bioeconomics,
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that is the management of renawvable resources
W hen practiced, themanagement of renav able re-
urces has been based on theM SY, abbreviation
for maxmum sustainable yields TheM SY is a
smpleway to manage resources taking into con-
sideration that overexploiting resources lead to a
loss in productivity. Based on a biological grow th
model, theM SY depends upon the environmental
carrying capacity K. A s thepopulation gpproaches
the value K, the surplus production approaches
zero. T herefore, the aim is to detemm ine how much
w e can harvest w ithout altering dangerously the
harvested population

W e intend to consider the stage structure of
wo secies For the smplicity of our model,we
only consider the stage structure of mmature and
mature of the prey fecies(their sizes of popula-
tion are written as ui, uz repectively), and not
oonsider the stage structure of the predator
pecies(its size of population isw ritten asv), and
two ecies satisfy the follow ing assumptions

(H1) The birth rate of the mmature prey
population isproportional to the existing mature
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prey populationw ith aproportionality constant b;
for the mmature prey population, the death rate
and transformation rate of mature prey are pro-
portional to the existing mmature prey popula-
tion w ith proportionality constants r: and bs

(H2) The death rate and overcrow ding rate of
themature prey population isof logistic nature, i
e it is proportional to square of the population
w ith a proportionality contant r2> Q gEu: is the
harvesting yield q is the catachability coefficient
and E is the harvesting effort

(Hs) The grow th of the predator population
isof L otkaV olterra nature The predator popula
tion feed on themature prey. This sean's reaon-
able for a number of animals, where mmature
prey populations concealed in the mountain cave,
are raised by their parents the rate predators at-
tack at mmature prey can be ignored

A coording to (H1), (Hz2) and (Hs),we can set
up the following stage-structured predator-prey
model

Ui= buz- riui- biuz
U= biua- rau3- awuav- gEU2 (D
v= v (- r+ auz- bv)
w here b, b1, b2, 1, r1, r2, a1, a2, g are positive con-
stants, ui= dui/dt, v= dv/dt

L et x1= azb 1U1,X2: az(ri+ )~ 1U2,y: b (r1
+ ) ‘v, dr= (ri+ bi) dt, systan (1) can be
turned into

X1= X2- X1

x2= Pix1- Bex3- axzy- Eixe 2

y=y (- d+ xo- y)
w here xi= dXi/dT, y= dy/dT, Blz bib(ri+ i)~ 2 Bz
= raz’,a= aibe Y, d= r(ri+ b) ', E1= gE (ri+
b1)” !

In the next section,w e shall consider the con-
dition of pemanence and extinction of systam.
The exploitation of themature population is con-
sidered in section 3

1 Permanence and extinction of
systam (2)

At first,we give the follow ing notations and
definitions

R® xi= 0,y= 0},
R® xi> 0,y> O}
Definition 1 System (2) is said to pemar

RI={x= (x1,Xz2,y)
IntRY = {x= (x1,x2,y)

nence if there are positive constantsm andM such
that each positive olution x (t, xo)of (2) w ith ini-
tial condition xo  IntR? satisfies

m< lm inf xi(t, x0) < lm sup Xi(t,x0) <M,

ms Im inf y (t,x0) < Im [sygy(t,x())SM.

Definition 2 (i) The prey species of system

(2) is said to extinction if each positive solution
x (t, xo0) of system (2) with initial conditial condi-
IntR? satisfies

tlmXi(t,XO): 0,i=1,2

tion xo

(ii) The predator peciesof system (2) is said
to extinction if each positive lution x (t, xo) of
systen (2) with initial condition xo  IntR? satis
fies

Imy (t,xo0)=Q

Definition 3 A oonstant & is said to be
threshold (critical situations)of the harvesting ef-
fort (or harvesting) if systan (2) is pemmanence
as the harvesting effort E1< & (or the harvesting
yield h< &), and at least one gecies of system
(2) will be extinction as the harvesting effort E1
> &(or harvesting yield h> &).

The equilibria for our model are detem ined
by setting x:= x2= y= 0 in systam (2) and lv-
ing the resulting algebraic equations

X2- X1= 0,

Bix1- Bex3- axzy- Eixe= 0,

y(- d+ x2- y)=0Q
If B> dB2+ Eu, then systen (2) has three non-
negative equilibria Po (0, 0, 0), P1 (x4, x2, 0),
P2(x1,xz2,y ),where

xi= xg= BB
B2
.+ ._Bt+ad- E:
X1= X2 = ,
at ﬁz
«_ - dfe- Es
y = at Bz '

Obviously,R? is invariant for system (2).

In order to discuss the petmanence and ex-
tinction of system (2),we analysis the local geo-
metric properties of the nonnegative equilibria of
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systam (2).

The characteristic equation of equilibrium
Po(0,0,0) is

(A 1) (M E1) (A+ d)- Bu(a+ d)=Q
Hence, Po(0, 0, 0) is a saddlew ith dm W “(Po) =
1, dmW *(Po)= 2 for Ei< Bi; Po(0, 0, 0) is locally
asymptotically stable for E:> fu

The characteristic equation of equilibrium
P1(x3,x2,0) is

(M 1) (& 2Box2+ E1) (M d- x9)

- Bu(a+ d- x5)=0Q
Hence, P1(x$, x2, 0) is a saddlew ith dim W “ (P1)
= 1,dm W *(P1) = 2 for B> dfe+ Ex P1(x3, x2,
0) is locally aymptotically stable for fi< df:+
Ex

The characteristic equation of equilibrium
P2(x1i,x2,y ) is

(A 1) (M 2Boxz+ ay + E1) (A y')

+ (M Daxzy - Bu(a+y’)=0,
that is
X+ AN+BA+C= 0,
W here

A= 1+ B+ Bexa+y >0,

B= Boxz+y (1+ B+ Boxz + axz)> 0,

C=x:2y (Bt a)>Q
Obviously,AB - C> Q According to Routh-Hur-
w itz Theorem, P2(x1, xz,y ) is locally asymp-
totically stable for 1> df+ E:

In the follow ing, w e shall discuss the global
properties of nonnegative equilibria
(i) If Bi> dp=+ Eu, then thepos
itive equilibrium P2(x:,xz,y ) of systam (2) is
globally asymptotically table

(ii) If Ei< Bi< dBet+ Eu, then the nonnegative
equilibrium P1(x3, x2, 0) of systen (2) is globally
asymptotically stable Hence E1 = fi- df3: is the
threshold of harvesting effort of system (2).

(iii) If Bi< E1, then the nonnegative equilibri-
um Po(0, 0, 0) of systan (2) is globally aymptoti-
cally stable

Pr oof

Theorem 1

(i)W e define aL yapunov function

2
V1(X1,Xz,y): ;A(Xi_ RN XLL)
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+Aly- y' -y In j%),
w here A, X, A are suitable constants to be deter-
mined in the subsequent steps Obviously,V: isa
positive definite function in the region R? except
at P2(x1,xz,y ) where it vanishes Further,

li'rpovl(X1,xz,y): XlimV1(Xl,X2,y): 0,

y-0 y oo

The time derivative of V1 along the slution
of (2) is

O\/l/dt

A(xi- x1) (fj- 1)

+ X(xz- Xg)(ﬁlé' BzX2- ay- E1)
+ Aly- y ') (- d+ x2- y)

A(x1- x1) (X1xz- Xixz)/Xix1

+ fide(xz- x2 ) (xixz - X1 x2) /xax2

- Rfa(xz x2)% Xalxz- xz2)(y-y)
+ Alxzm x2) (y- y')- Aly- y7)?
L et A= Xa, Axz = Xfix1,

_ s *y2
O\/l/dt— X1*X1X2(X1 X2 X1X2)
- Asz(Xz- X2 )°- Aly- y*)ZS Q
SetD:1= {x IntRI:adv:/dt= 0}= {x IntR?: xi

= xi,y=y }= P2 Acoording to L aSalle T heo-
rem, P2 is globally asymptotically stable for p.>
dfe+ Eu

(ii) We oonstruct the following L igpunov
function

2
V2 (x1, xz2,y)= iZ:.)\.-(xi- xi- X7 In X%)+ Ay.

Caculating the derivative of V 2 (t) along the lu-
tion of system (2) ,w e have

oV 2/dt = A(xi- x39) (fi- 1)

+ ek x9) (B
- Pexz- ay- Ed)+ Ay (- d+ xo- y)
= M(x- x9) (xIx2- x1x3) /xix3
+ Pide(xe- x9) (x1x2- X3x2) /X2x2
- Xfelxz- x2)% Xal(x:
- X2)y+ Moy- My- AyP
L et Ax2= Afixt, ak= A,

Y,
v 2 () /dt= - X IX 1X 2

- XPe(xa- x9)%- Ald- x9)y- ay’<Q

0 0\ 2
(x1x2- x1x2



Set D= {x RI:dva/dt= 0}= P. A coording to
L aSalle Theoran, P is globally asymptotically
stable for Ei< fi< dfe+ E1 W e obtain E1 = fi-
dp: is the threshold (critical situations)of harvest-
ing effort of system (2).

(iii) W e oonstruct the follow ing L igpunov

2

functionV s (x1, x2, y) = ;Axﬁ Ay.

Caculating the derivative of Vs (t) along the
lution of systam (2) ,we have

oV s/t = Axa- Axa+ Afixi- kfex?

- akxzy- MlEixz- Addy+ Ayxe- Ayz.

Let A= 2B, ak= A

d\/s(t)/dt: ?\2([31- E1)X2- AszX%
- Mdy- A’<Q
Ri:dVs/dt= 0}= {x RI:x:= y
= 0,x12 0}. If Ds is an invariant set of system

Hence,D 3= {x

(2), by the second equation of system (2) ,w e have

x1= 0,D 3= Po(0, 0, 0). Hence, Po(0, 0, 0) is glob-

ally asymptotically stable for fi< Es =
A coording to Theoran 1,we have

(i) Two gpeciesof system (1) are

pemanence if and only if the catchability effort

Theoran 2

satisfies
b rer
< -
qE ri+ b ax

(ii) The predator goecies of systam (1) is ex-
tinction and the prey gecies is not extinction if
and only if the catchability effort satisfies

- uzs gE< .
ri+ bt a ri+ br

(iii) The wo geciesof systam (1) are extinc-
tion if and only if the catchability effort satisfies

, —bib
qE= ri+ by

2 The optimal harvesting policy of
system (2)

In this section, we consider the maximum
sustainable yield of system (2). From the point of
view of ecological managers, itmay be desirable to
have a unique positive equilibrium w hich is glob-
ally asymptotically stable, in order to plan har-
vesting strategies and keep sustainable develop-

ment of ecosystan. Generally, the exploitation of
population should be the mature population,
w hich ismore appropriate to the econom ic and bi-
ological views of renewvable repurces manage-
ment

Theorem 3 (i) If f1> 2dB+ ad, the maxi-

mum sustainable yield in system (2) is

— + ad)?
hmsy= h(E1) = _(ﬁja_'_—&))_,

w here E1= ‘;‘(Bﬁ ad) ,w hich is the optimal har-

vesting effort of systam (2).

(ii) If dBe< Bi< 2d B+ ad, themaximum sus
tainable yield in system (2) is

hvsy= h (EI )=d (ﬁl' dﬁZ),

where E1 = fi- dfBz,which is the threshold (criti-
cal situations)of harvesting effort of system (2).

Proof L et x2= xz, the harvesting of system
(2) is
+ - E
at Bz

Caculating the derivative of h (E1) for E1,w e have

. E
h(Ei)= Eixz2 =

_ 1
dh/dE:= 7 p, (B ad- 2E4),

hence, the solution of dh/dE1= 0 is E1= ‘12‘ (Bt

ad). Comparing the o number E: and Ei,we
have the follow ing results

(i) If 0< Ei< Ei, that is, fi> 2dBe+ ad, the
correponding maximum sustainable yield for
h(E1) is

+ 2

(Bi+ ad)®
4(a+ B2)°

(ii) If Ex> Ei > 0, that is, df:< fi< 2dfe+
ad, the correponding maximum sustainable yield
for h(E1) is

hvsy= h(El*)z d(ﬁl- dBZ).

Summarizing above discussion If df< i<
2df. + ad, the maximum sustainable yield
for h(E1) ishusy= h(E:1)= d (- dp2). If the
harvesting husy= h (E1 ), then the nonnegative e-

hmsy= h (El) =

quilibria P1and P2of system (2) mincide, the non-
negative equilibrium P: is globally asymptotically
stable by Theoran 1 Hence, the second ecies
(predator) will be extinction eventually. Hence
385
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tmsv= h(E1)= d (Bi- df2) is the threshold (criti-
cal situations) of harvesting for the mature prey
population

If Bi> 2d =+ ad, then themaximum sustain-
able yield for h(E1) ishusy= h(E1)= (Bu+ ad)?/4
(a+ B). If the harvesting husy= h (E1), then the
unique positive equilibriun P2 of system (2) is

globally asymptotically stable Hence husy= h (E1)

Remark If 1> 2df2+ ad, that is, bbibeaz>
2rrzbe (ri+ bi) + raiaz (ri+ bi), then h (El) >
h(E:). Therefore, Theoran 3 depicts an obvious
fact: Themaximum sustainable yield of system (1)
depend on the reproduction rate of mature popula-
tion, the death rates of wo gecies and the rate
predators attack at mature prey. These coeffi-
cients should satisfies b is large, r, r1 and rz are

is the optimal harvesting of system (2).

gnall
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Campar ison of PPS estmation and product estimation

YAN Zai-zai

(Inner M ongolia Polytechnic U niversity, H uhehaote 010062, China)

Abstract: The estimation for the population mean under PPS sampling scheme and the product estimation

for populationmean under smple random sanpling scheme are two oftenmethods in practice T heir the-

oretical research isvery rich too. In thepresent paper, the efficiency of thistwo estmation is comparied
in case that interest index and size index being negative related
Key words PPS estimation; product estimation; super population model
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