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The optima l harvesting pol icy of stage- structured preda tor-prey system
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Abstract: P redato r2p rey models p lay a crucial ro le in b ioeconom ics, that is the m anagem en t of renew ab le

resou rces. A b ioeconom ic model of tw o species w ith stage structu re and the relat ion of p redato r2p rey is estab2
lished, the necessary and sufficien t condit ion fo r the perm anence of tw o species and the ex tinct ion of one species

o r tw o species is ob tained. T he op tim al harvest ing and the th resho ld of harvest ing fo r the sustainab le develop2
m ent is also ob tained.
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　　T he com pet it ive, coopera t ive and p reda to r2
p rey m odels have been stud ied by m any au tho rs

(see m onograph s [ 1, 2, 3, 4, 5, 6, 7 ]). T he perm a2
nence (o r st rong persistence ) and ex t inct ion are

sign if ican t concep ts of tho se m odels. How ever, the

stage structu re of species has been con sidered

very lit t le. In the rea l w o rld, a lm o st a ll an im als

have the stage structu re of imm atu re and m atu re.

R ecen t ly, papers [ 8, 9 ] stud ied the stage structu re

of species, the tran sfo rm at ion ra te of m atu re pop2
u la t ion is p ropo rt iona l to the ex ist ing imm atu re

popu la t ion; papers [ 10, 11, 12 ] a lso stud ied the

stage2st ructu red m odels, the t im e from b irth to

m atu rity rep resen ted by a con stan t t im e delay.

Cann iba lish m odels of variou s types have a lso

been invest iga ted (see[13, 14, 15, 16 ]).

T he op t im al m anagem en t of renew ab le re2
sou rces,w h ich has a d irect rela t ion sh ip to su sta in2
ab le developm en t, has been stud ied ex ten sively by

m any au tho rs. Econom ic and b io log ica l aspects of

renew ab le resou rces m anagem en t have been con2
sidered by C lark [ 17 ] and o ther au tho rs. P reda to r2
p rey m odels p lay a crucia l ro le in b ioeconom ics,

tha t is the m anagem en t of renew ab le resou rces.

W hen p ract iced, the m anagem en t of renew ab le re2
sou rces has been based on the M SY, abb revia t ion

fo r m ax im um su sta inab le yields. T he M SY is a

sim p le w ay to m anage resou rces tak ing in to con2
sidera t ion tha t overexp lo it ing resou rces lead to a

lo ss in p roduct ivity. Based on a b io log ica l grow th

m odel, the M SY depends upon the environm en ta l

carrying capacity K. A s the popu la t ion app roaches

the va lue K , the su rp lu s p roduct ion app roaches

zero. T herefo re, the a im is to determ ine how m uch

w e can harvest w ithou t a ltering dangerou sly the

harvested popu la t ion.

W e in tend to con sider the stage structu re of

tw o species. Fo r the sim p licity of ou r m odel, w e

on ly con sider the stage structu re of imm atu re and

m atu re of the p rey species ( their sizes of popu la2
t ion are w rit ten as u 1, u 2 respect ively ) , and no t

con sider the stage structu re of the p reda to r

species ( its size of popu la t ion is w rit ten as v ) , and

tw o species sa t isfy the fo llow ing assum p tion s:

(H 1 ) T he b irth ra te of the imm atu re p rey

popu la t ion is p ropo rt iona l to the ex ist ing m atu re
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p rey popu la t ion w ith a p ropo rt iona lity con stan t b;

fo r the imm atu re p rey popu la t ion, the dea th ra te

and tran sfo rm at ion ra te of m atu re p rey are p ro2
po rt iona l to the ex ist ing imm atu re p rey popu la2
t ion w ith p ropo rt iona lity con stan ts r1 and b1.

(H 2) T he dea th ra te and overcrow ding ra te of

the m atu re p rey popu la t ion is of log ist ic na tu re, i.

e. it is p ropo rt iona l to square of the popu la t ion

w ith a p ropo rt iona lity con tan t r2 > 0. qE u 2 is the

harvest ing yield. q is the ca tachab ility coefficien t

and E is the harvest ing effo rt.

(H 3 ) T he grow th of the p reda to r popu la t ion

is of L o tka2V o lterra na tu re. T he p reda to r popu la2
t ion feed on the m atu re p rey. T h is seem s reason2
ab le fo r a num ber of an im als, w here imm atu re

p rey popu la t ion s concea led in the m oun ta in cave,

a re ra ised by their paren ts; the ra te p reda to rs a t2
tack a t imm atu re p rey can be igno red.

A cco rd ing to (H 1) , (H 2) and (H 3) , w e can set

up the fo llow ing stage2st ructu red p reda to r2p rey

m odel

　　

uα1= bu 2- r1u 1- b1u 1

uα2= b1u 1- r2u 2
2- a1u 2v - qE u 2

vα= v (- r+ a2u 2- b2v )

(1)

w here b, b1, b2, r, r1, r2, a1, a2, q are po sit ive con2
stan ts, uαi= du iöd t, vα= dv öd t.

L et x 1= a2b
- 1

u 1, x 2= a2 (r1+ b1) - 1
u 2, y = b2 (r1

+ b1 ) - 1
v , dΣ= ( r1 + b1 ) d t, system ( 1) can be

tu rned in to

　　

xα1= x 2- x 1

xα2= Β1x 1- Β2x 2
2- ax 2y - E 1x 2

yα= y (- d + x 2- y )

(2)

w here xαi= dx iödΣ, yα= dy ödΣ, Β1= b1b ( r1+ b1) - 2, Β2

= r2a
- 1
2 , a = a1b

- 1
2 , d = r ( r1 + b1 ) - 1, E 1 = qE ( r1 +

b1) - 1.

In the nex t sect ion,w e sha ll con sider the con2
dit ion of perm anence and ex t inct ion of system.

T he exp lo ita t ion of the m atu re popu la t ion is con2
sidered in sect ion 3.

1 　 Permanence and extinction of
system (2)

A t first, w e give the fo llow ing no ta t ion s and

defin it ion s

R
3
+ = {x = (x 1, x 2, y )∈R

3, x i≥0, y≥0},

In tR 3
+ = {x = (x 1, x 2, y )∈R

3, x i> 0, y > 0}.

D ef in it ion 1　System (2) is sa id to perm a2
nence if there are po sit ive con stan ts m and M such

tha t each po sit ive so lu t ion x ( t, x 0)of (2) w ith in i2
t ia l condit ion x 0∈ In tR 3

+ sa t isf ies

m ≤lim inf
t→∞

x i ( t, x 0)≤lim sup
t→∞

x i ( t, x 0)≤M ,

m ≤lim inf
t→∞

y ( t, x 0)≤lim sup
t→∞

y ( t, x 0)≤M .

D ef in it ion 2　 ( i) T he p rey species of system

( 2) is sa id to ex t inct ion if each po sit ive so lu t ion

x ( t, x 0) of system (2) w ith in it ia l condit ia l condi2
t ion x 0∈ In tR 3

+ sa t isf ies

lim
t→∞

x i ( t, x 0) = 0, i= 1, 2.

( ii) T he p reda to r species of system (2) is sa id

to ex t inct ion if each po sit ive so lu t ion x ( t, x 0) of

system (2) w ith in it ia l condit ion x 0∈ In tR 3
+ sa t is2

f ies

lim
t→∞

y ( t, x 0) = 0.

D ef in it ion 3 　A con stan t ∆0 is sa id to be

th resho ld (crit ica l situa t ion s) of the harvest ing ef2
fo rt (o r harvest ing) if system (2) is perm anence

as the harvest ing effo rt E 1< ∆0 (o r the harvest ing

yield h < ∆0 ) , and a t least one species of system

(2) w ill be ex t inct ion as the harvest ing effo rt E 1

> ∆0 (o r harvest ing yield h> ∆0).

T he equ ilib ria fo r ou r m odel are determ ined

by set t ing xα1= xα2= yα= 0 in system (2) and so lv2
ing the resu lt ing a lgeb ra ic equat ion s

　　

x 2- x 1= 0,

Β1x 1- Β2x 2
2- ax 2y - E 1x 2= 0,

y (- d + x 2- y ) = 0.

If Β1 > d Β2 + E 1, then system (2) has th ree non2
negat ive equ ilib ria: P 0 ( 0, 0, 0 ) , P 1 ( x

0
1, x

0
2, 0 ) ,

P 2 (x
3
1 , x

3
2 , y

3 ) ,w here

　　　　　　x
0
1= x

0
2=

Β1- E 1

Β2
,

　　　　　　x
3
1 = x

3
2 =

Β1+ ad - E 1

a+ Β2
,

　　　　　　y
3 =

Β1- d Β2- E 1

a+ Β2
.

O bviou sly, R
3
+ is invarian t fo r system (2).

In o rder to d iscu ss the perm anence and ex2
t inct ion of system (2) , w e analysis the loca l geo2
m etric p ropert ies of the nonnegat ive equ ilib ria of
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system (2).

T he characterist ic equat ion of equ ilib rium

P 0 (0, 0, 0) is

(Κ+ 1) (Κ+ E 1) (Κ+ d ) - Β1 (Κ+ d ) = 0.

H ence, P 0 (0, 0, 0) is a saddle w ith d im W
u (P 0) =

1, d im W
s (P 0) = 2 fo r E 1< Β1; P 0 (0, 0, 0) is loca lly

asym p to t ica lly stab le fo r E 1> Β1.

T he characterist ic equat ion of equ ilib rium

P 1 (x
0
1, x

0
2, 0) is

(Κ+ 1) (Κ+ 2Β2x
0
2+ E 1) (Κ+ d - x

0
2)

　　　- Β1 (Κ+ d - x
0
2) = 0.

H ence, P 1 (x
0
1, x

0
2, 0) is a saddle w ith d im W

u (P 1)

= 1, d im W
s (P 1) = 2 fo r Β1 > d Β2 + E 1; P 1 (x

0
1, x

0
2,

0 ) is loca lly aym p to t ica lly stab le fo r Β1 < d Β2 +

E 1.

T he characterist ic equat ion of equ ilib rium

P 2 (x
3
1 , x

3
2 , y

3 ) is

(Κ+ 1) (Κ+ 2Β2x
3
2 + ay

3 + E 1) (Κ+ y
3 )

　　+ (Κ+ 1) ax
3
2 y

3 - Β1 (Κ+ y
3 ) = 0,

tha t is

Κ3+ A Κ2+ B Κ+ C = 0,

W here

A = 1+ Β1+ Β2x
3
2 + y

3 > 0,

B = Β2x
3
2 + y

3 (1+ Β1+ Β2x
3
2 + ax

3
2 ) > 0,

C = x
3
2 y

3 (Β2+ a) > 0.

O bviou sly, A B - C > 0. A cco rd ing to Rou th2H u r2
w itz T heo rem , P 2 (x

3
1 , x

3
2 , y

3 ) is loca lly asym p2
to t ica lly stab le fo r Β1> d Β2+ E 1.

In the fo llow ing, w e sha ll d iscu ss the g loba l

p ropert ies of nonnegat ive equ ilib ria.

Theorem 1　 ( i) If Β1> d Β2+ E 1, then the po s2
it ive equ ilib rium P 2 (x

3
1 , x

3
2 , y

3 ) of system (2) is

g loba lly asym p to t ica lly tab le.

( ii) If E 1< Β1≤d Β2+ E 1, then the nonnegat ive

equ ilib rium P 1 (x
0
1, x

0
2, 0) of system (2) is g loba lly

asym p to t ica lly stab le. H ence E
3
1 = Β1 - d Β2 is the

th resho ld of harvest ing effo rt of system (2).

( iii) If Β1≤E 1, then the nonnegat ive equ ilib ri2
um P 0 (0, 0, 0) of system (2) is g loba lly aym p to t i2
ca lly stab le.

Proof　 ( i)W e define a L yapunov funct ion

V 1 (x 1, x 2, y ) = 6
2

i= 1
Κi (x i- x

3
i - x

3
i ln

x i

x 3
i

)

+ Κ(y - y
3 - y

3 ln
y

y 3 ) ,

w here Κ1, Κ2, Κare su itab le con stan ts to be deter2
m ined in the sub sequen t step s. O bviou sly, V 1 is a

po sit ive defin ite funct ion in the reg ion R
3
+ excep t

a t P 2 (x
3
1 , x

3
2 , y

3 ) w here it van ishes. Fu rther,

lim
x i→0
y→0

V 1 (x 1, x 2, y ) = lim
x i→∞
y→∞

V 1 (x 1, x 2, y ) = ∞.

T he t im e deriva t ive of V 1 a long the so lu t ion

of (2) is

dV 1öd t = Κ1 (x 1- x
3
1 ) (

x 2

x 1
- 1)

　+ Κ2 (x 2- x
3
2 ) (Β1

x 1

x 2
- Β2x 2- ay - E 1)

　+ Κ(y - y
3 ) (- d + x 2- y )

= Κ1 (x 1- x
3
1 ) (x

3
1 x 2- x 1x

3
2 ) öx 1x

3
1

　+ Β1Κ2 (x 2- x
3
2 ) (x 1x

3
2 - x

3
1 x 2) öx 2x

3
2

　- Κ2Β2 (x 2- x
3
2 ) 2- Κ2a (x 2- x

3
2 ) (y - y

3 )

　+ Κ(x 2- x
3
2 ) (y - y

3 ) - Κ(y - y
3 ) 2,

L et Κ= Κ2a , Κ1x
3
2 = Κ2Β1x

3
1 ,

dV 1öd t= -
Κ1

x 3
1 x 1x 2

(x
3
1 x 2- x 1x

3
2 ) 2

- Κ2Β2 (x 2- x
3
2 ) 2- Κ(y - y

3 ) 2≤0.

Set D 1 = {x ∈ In tR 3
+ : dV 1öd t= 0}= {x ∈ In tR 3

+ : x i

= x
3
i , y = y

3 } = P 2. A cco rd ing to L aSalle T heo2
rem , P 2 is g loba lly asym p to t ica lly stab le fo r Β1 >

d Β2+ E 1.

( ii ) W e con struct the fo llow ing L iapunov

funct ion

V 2 (x 1, x 2, y ) = 6
2

i= 1
Κi (x i- x

0
i - x

0
i ln

x i

x 0
i
) + Κy.

Cacu la t ing the deriva t ive of V 2 ( t) a long the so lu2
t ion of system (2) ,w e have

dV 2öd t = Κ1 (x 1- x
0
1) (

x 2

x 1
- 1)

　+ Κ2 (x 2- x
0
2) (Β1

x 1

x 2

　- Β2x 2- ay - E 1) + Κy (- d + x 2- y )

= Κ1 (x 1- x
0
1) (x

0
1x 2- x 1x

0
2) öx 1x

0
1

　+ Β1Κ2 (x 2- x
0
2) (x 1x

0
2- x

0
1x 2) öx 2x

0
2

　- Κ2Β2 (x 2- x
0
2) 2- Κ2a (x 2

　- x
0
2) y + Κx 2y - Κd y - Κy

2,

L et Κ1x
0
2= Κ2Β1x

0
1, aΚ2= Κ,

dV 2 ( t) öd t= -
Κ1

x 0
1x 1x 2

(x
0
1x 2- x 1x

0
2) 2

　　- Κ2Β2 (x 2- x
0
2) 2- Κ(d - x

0
2) y - Κy

2≤0.
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Set D 2 = {x ∈R
3
+ : dV 2öd t= 0}= P 1. A cco rd ing to

L aSalle T heo rem , P 1 is g loba lly asym p to t ica lly

stab le fo r E 1< Β1≤d Β2+ E 1. W e ob ta in E
3
1 = Β1-

d Β2 is the th resho ld (crit ica l situa t ion s)of harvest2
ing effo rt of system (2).

( iii) W e con struct the fo llow ing L iapunov

funct ion V 3 (x 1, x 2, y ) = 6
2

i= 1
Κix i+ Κy.

Cacu la t ing the deriva t ive of V 3 ( t) a long the

so lu t ion of system (2) , w e have

dV 3öd t = Κ1x 2- Κ1x 1+ Κ2Β1x 1- Κ2Β2x
2
2

- aΚ2x 2y - Κ2E 1x 2- Κd y + Κy x 2- Κy
2.

L et Κ1= Κ2Β1, aΚ2= Κ,

dV 3 ( t) öd t= Κ2 (Β1- E 1) x 2- Κ2Β2x
2
2

- Κd y - Κy
2≤0.

H ence,D 3= {x ∈R
3
+ : dV 3öd t= 0}= {x ∈R

3
+ : x 2= y

= 0, x 1 ≥0}. If D 3 is an invarian t set of system

(2) , by the second equat ion of system (2) , w e have

x 1 = 0, D 3= P 0 (0, 0, 0). H ence, P 0 (0, 0, 0) is g lob2
a lly asym p to t ica lly stab le fo r Β1≤E 1. ø

A cco rd ing to T heo rem 1,w e have

Theorem 2　 ( i) Tw o species of system (1) are

perm anence if and on ly if the ca tchab ility effo rt

sa t isf ies

qE <
b1b

r1+ b1
-

r2 r
a2

.

( ii) T he p reda to r species of system (1) is ex2
t inct ion and the p rey species is no t ex t inct ion if

and on ly if the ca tchab ility effo rt sa t isf ies

b1b
r1+ b1

-
rr2

a2
≤qE <

b1b
r1+ b1

.

( iii) T he tw o species of system (1) are ex t inc2
t ion if and on ly if the ca tchab ility effo rt sa t isf ies

qE≥
b1b

r1+ b1
.

2　The optima l harvesting pol icy of

system (2)

In th is sect ion, w e con sider the m ax im um

su sta inab le yield of system (2). F rom the po in t of

view of eco log ica lm anagers, it m ay be desirab le to

have a un ique po sit ive equ ilib rium w h ich is g lob2
a lly asym p to t ica lly stab le, in o rder to p lan har2
vest ing stra teg ies and keep su sta inab le develop2

m en t of eco system. Genera lly, the exp lo ita t ion of

popu la t ion shou ld be the m atu re popu la t ion,

w h ich is m o re app rop ria te to the econom ic and b i2
o log ica l view s of renew ab le resou rces m anage2
m en t.

Theorem 3　 ( i) If Β1 > 2d Β2 + ad , the m ax i2
m um su sta inab le yield in system (2) is

hM S Y = h (E 1) =
(Β1+ ad ) 2

4 (a+ Β2) ,

w here E 1=
1
2

(Β1+ ad ) , w h ich is the op t im al har2

vest ing effo rt of system (2).

( ii) If d Β2< Β1< 2d Β2+ ad , the m ax im um su s2
ta inab le yield in system (2) is

hM S Y = h (E
3
1 ) = d (Β1- d Β2) ,

w here E
3
1 = Β1- d Β2, w h ich is the th resho ld (crit i2

ca l situa t ion s)of harvest ing effo rt of system (2).

Proof L et x 2 = x
3
2 , the harvest ing of system

(2) is

h (E 1) = E 1x
3
2 =

E 1 (Β1+ ad - E 1)
a+ Β2

.

Cacu la t ing the deriva t ive of h (E 1) fo r E 1,w e have

dhödE 1=
1

a+ Β2
(Β1+ ad - 2E 1) ,

hence, the so lu t ion of dhödE 1 = 0 is E 1 =
1
2

(Β1 +

ad ). Com paring the tw o num ber E
3
1 and E 1, w e

have the fo llow ing resu lts:

( i) If 0< E 1 < E
3
1 , tha t is, Β1 > 2d Β2 + ad , the

co rresponding m ax im um su sta inab le yield fo r

h (E 1) is

hM S Y = h (E 1) =
(Β1+ ad ) 2

4 (a+ Β2) .

(ii) If E 1 > E
3
1 > 0, tha t is, d Β2 < Β1 < 2d Β2 +

ad , the co rresponding m ax im um su sta inab le yield

fo r h (E 1) is

hM S Y = h (E
3
1 ) = d (Β1- d Β2).

Summ arizing above discu ssion. If d Β2 < Β1 <

2d Β2 + ad , the m ax im um su sta inab le yield

fo r h (E 1) is hM S Y = h (E
3
1 ) = d (Β1 - d Β2 ). If the

harvest ing hM S Y = h (E
3
1 ) , then the nonnegat ive e2

qu ilib ria P 1 and P 2 of system (2) co incide, the non2
negat ive equ ilib rium P 1 is g loba lly asym p to t ica lly

stab le by T heo rem 1. H ence, the second species

(p reda to r ) w ill be ex t inct ion even tua lly. H ence
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hM S Y = h (E
3
1 ) = d (Β1- d Β2) is the th resho ld (crit i2

ca l situa t ion s) of harvest ing fo r the m atu re p rey

popu la t ion.

If Β1> 2d Β2+ ad , then the m ax im um su sta in2
ab le yield fo r h (E 1) is hM S Y = h (E 1) = (Β1+ ad ) 2ö4

(a + Β2). If the harvest ing hM S Y = h (E 1) , then the

un ique po sit ive equ ilib rium P 2 of system ( 2) is

g loba lly asym p to t ica lly stab le. H ence hM S Y = h (E 1)

is the op t im al harvest ing of system (2).

Remark If Β1 > 2d Β2 + ad , tha t is, bb1b2a2 >

2rr2b2 ( r1 + b1 ) + ra1a2 ( r1 + b1 ) , then h ( E 1 ) >

h (E
3
1 ). T herefo re, T heo rem 3 dep icts an obviou s

fact: T he m ax im um su sta inab le yield of system (1)

depend on the rep roduct ion ra te of m atu re popu la2
t ion, the dea th ra tes of tw o species and the ra te

p reda to rs a t tack a t m atu re p rey. T hese coeffi2
cien ts shou ld sa t isf ies: b is la rge, r, r1 am d r2 are

sm all.
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因此,

当 h > 1 时, ∃ > 0, 有 S
2
x～ > S f x

～ x
～

N öf
-

N , 则 PPS

设计优于乘积估计设计;

当 h < 1 时, ∃ < 0, 有 S
2
x～ < S f x

～ x
～

N öf
-

N , 上式大

于零, 此时乘积估计优于 PPS 估计;

当 h = 1 时, ∃ = 0, 有 S
2
x～ = S f x

～ x
～

N öf
-

N , 此时

PPS 估计和乘积估计的效率相当 1
注 1　模型 (1) 是抽样调查理论研究中一个经

常采用且十分重要模型. 如文献[1～ 4 ]中都使用过

这一模型.

注 2　上面的定理说明: PPS 抽样方案的

H an sen2H u rvitz 估计与简单随机抽样方案的乘积

估计其优劣于在 1öx i 本身的差异性和 1öx i 同 f i

间的差异性的大小.
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Com par ison of PPS estima tion and product est ima tion

YAN Za i-za i

( Inner M ongo lia Po lytechn ic U n iversity, H uhehao te 010062, Ch ina)

Abstract: T he est im at ion fo r the popu la t ion m ean under PPS sam p ling schem e and the p roduct est im at ion

fo r popu la t ion m ean under sim p le random sam p ling schem e are tw o often m ethods in p ract ice. T heir the2
o ret ica l research is very rich too. In the p resen t paper, the efficiency of th is tw o est im at ion is com paried

in case tha t in terest index and size index being negat ive rela ted.

Key words: PPS est im at ion; p roduct est im at ion; super popu la t ion m odel.
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阶段结构捕食系统的最优收获策略

叶凯莉

(信阳师范学院 经济管理学院, 河南 信阳 464000)

摘　要: 在生物经济即可更新资源管理中, 捕食系统起着非常重要的作用 1 本文建立一个具阶段结构和捕

食关系的两种群生物经济模型, 分别获得了一个或两个种群绝灭和两种群持久生存的充分必要条件, 也获得了

保持生态环境持续发展的最优收获策略和收获成年种群的阈值, 并给出了所得结果的实际意义 1
关键词: 生物经济模型; 持续生存; 最优收获策略
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