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Construction of multiscaling functionswith dilation factor a= 3
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Abstract: A method for constructing orthogonal symmetric compactly supported multiscaling functions
w ith dilation factor 3 is given First, compactly supported orthogonal complex-valued uni-scaling function w ith

dilation factor 3 is constructed by using real uni-scaling function Then by using the above obtaining complex

ones, multiscaling functionsw ith dilation factor 3 which are orthogonal symmetric are constructed Finally,

ome design exanples are given
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O Introduction

Recently, multiw avelets construction gener-
ated by a finite collection of scaling functions (i
e ,multiscaling functions) have been studied The
main motivation for multiw avelets is that they can
simultaneously possess desirable properties such
as symmetry, orthogonality, and shorter support
for a given gpproximation order, which are not
possible in any real-valued scalar w avelet One of
the earliest and most popular used multiwv avelets
w ith multiplicity 2 is the GHM multiw avelets
w hich was constructed by Geronimo et al using
fractal interpolation The multiscaling functions
of the GHM multiw aveltes are both symmetric
and orthogonal L ater, by mposing Hem ite inter-
polation conditions, CHU | and L AN ! construct-
ed symmetric and anti-symmetric orthonomal
multiw avelets

It iswell-known that the multiscaling func-
tion with dilation factor a= 2 play an essential
role in the construction of multw avelets So there
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is considerable literature voted to the construction
of multiscaling function w ith dilation factor a= 2

For a> 2 case, there are al®o some literature dis
cussed the construction of wavelet For example,

for uniwavelet case, L AN constructed sym-
metric compactly supported orthogonal scaling
functions with scaling factor a= 3 and the two
correponding compactly supported orthogonal
w avelets, one of w hich is symmetric and the other
antisymmetric, for multiw avelts case, the litera
ture[ 3] also discussed the construction of multi-
w aveletsw ith dilation factor a> 2 How ever, the
oconstruction of having certain properties multi-
w aveletsw ith dilation factor a> 2 isnot smple In
thispaper,w e present amethod to construct sym-
metric multiscaling functions ®(x) with dilation
factor a= 3 from symmetric compactly supported
orthogonal uni-scaling functions w hile complex-
valued unimultiscaling function serving as a link,
w hich is easily mplanentable and different from
the existing methods
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1 Basic theory

Let W(x)= (¥, ,¥)" be amultivavelets
w ith dilation factor 3 if Y L? 1< I< 2r, and the
family {#.;« 1< 1< 2r j,k Z} constitutes a
Riesz basisof L 2

For constructing multiw avelets that generate
M RA of L %, as a usual approach, scaling functions
need to be constructed W ew ill consider ®(x) =
(®, &,

tions

, ¥) " satisfying wo scale matrix equa-

D(x)= ) Pd(3x- k) (1)
where Px,k Z are rx r real matrixs ®(x) satis-
fying (1) will be called a multiscaling function
w ith dilation factor 3 and multiplicity r (when r=
1, Ax) will be called a uni-scaling function). If
the fanily

{®( - k) k Z} (2)
constitues a R iesz basisof itsL *-closure A multi-

I I r

scaling fuction @(x) is orthogonal if the fanily
(2) isalsn For convenience, the function ¥, 1< |
< r will alo called scaling functins It is clear
from (1) that

B ) = P (2) (%) (3)

where z= € 3 and P (z) = ‘éZZszk is called the
two scale matrix symbol of the two scale matrix
sequence {P«}«x zof &

The orthonomal of dand W mplies the fol-

low ing perfect reconstruction conditions
2

20 |P wiz) |2: 1, |z |= 1 (4)
wherew ;= € "7 j= 0,1, 2
(4) is equivalent to

zZPiEjT+ *= 3&o, kK Z (5
In order to construct compactly supported or-
thogonal scaling functions,we follow D aubechies

by considering two scale synbolsof the form

1+ 7+ 72,
P@)= (5 )" (2)
Sn mmwith (1+ z+ 2%+ S.(2)
and S.(1)=1

(6)

2 The canplex-valued uni-scaling
126

function

This section, we will describe a methods to
derive complex valued uni-scaling function from a
real valued ones by replacing certain filter
roots “*' For a= 3, L IAN " constructed a sym-
metric compactly supported orthogoal scaling
function Ax) which wo scale symbol P (z) has

the follow ing form:

P(2)= (

n

w here Sn(z) = zos,-z" is symmetric polynomal, i

2
B2y, (),

e, S§= S|

Proposition 1 Let Sn(z) = st,-z” is sym-
metric polynomial, i € , 5= s j, then its roots are
conjugate reciprocal root pairs and self conjugate
reciprocal root pairs

Hence, P (z) admits the factorization:

P @)= (EEZ)c (- DU 1t

L3 L4
e ve vlle oe o
L

. 1‘1(2_ 2@ Y@ )@z ()

where C is ome constant, A, X %, i= 1,2, ,Ls
areSn(z)’sreal roots c,i= 1,2, ,LasareSn(z)’'s
rootsand &= ¢ 52,2 % i= 1,2, ,Lsare conju-
gate reciprocal root pairsand zi# zit

Now w e can expect to construct the symmet-
ric wo-scale symbol Pc(z) from P (z), and then
uni-complex symmetric scaling function is ob-
tained

Proposition 2 Let P (z) defined in (7) be

two scale symbol associated w ith HAx), construct
L

4 Lg
Hcigzizi 'P (z), Then

Pc(z) = (- 1)
Pc(z) is a symmetric polynomial with complex
coefficients and thereforce a uni-complex symm et-
ric scaling functionw ith dilation factor 3 asociat-
edw ith Pc(z) can be constructed.

Renmark 1 Pc(z) obtained by Proposition 2
is not unigue, nor does the corresponding uni-
complex scaling function



Remark 2 A lot of Pc (z) are al® con-
structed by other replacing scheme w hich differ-
ent themethod of Proposition 2

3 Multiscaling functions with dila-
tion factor 3
L et ® and Pbe ¥’ sreal and imaginary parts,
regectively, i e ,
R(x)= R(x)+ jR(x) (8)
and satisfy the follow ing two-scale equation

®(x)= ) p®(3- k),popnz 0 (9)
w here pk= o+ jS k= 0,1, ,m,then
Pc(z)= Pr(z2)+ jPi(2) (10)

HerePr(2)= Y 02" Pi@2)= 5 3 Ba"
Let ®(x)= [R(x), RP(x)]", from (11) and
(12) ,w e have

m

D(x) = Zo[z 'ofk] ®(3x- k) (1)

The Fourier transformation of (14) is

D)= P (2) (') (12)
Here
[PR(z) - Pl(z)}
PO ) P
Define

N( -
Pk= |: Bki| ,
B Ok
then (11) can rewrite asfollow s

(x)= ) P®(3x- k) (13)

Theorem 1 Let ®(x) be a uni-complex or-
thogonal scaling function, then the multiscaling
functions ®(x) associated with @ (x) is al® or-

thogonal.
Proof Since ®(x) isorthogonal,i e ,
R ), R - k) = ok (14)
Equivalently
RCE D), RE - K - RC)RC - k) = dox
RE D) RC -k + PC),RC -k =0
(15)
From (9) and (14),w e have
Z pi;w *= 3Mb, k Z (16)

(16) is equivalent to
Z [0+ s- BB 3]= 3o«
Z [OGBi+ - ﬁiO(H x]=0
(17)is al equivalent to

Z PPLx= 3%kl k Z (18)

(18) mpliesmultiscaling function being orthogo-

(17)

nal =

Theoran 2 Let ®(x)= ®B(x)+ j¥(x) be
compactly supported orthogonal symmetric uni-
complex scaling function, satisfying follow ing e-
guation:

®()= ) (ot BIREx- k) (19

then ®(x)= [R(x), P(x) ]" be aorthogonal sym-
metric multiscaling functions and satisfying fol-
low ing equation:

d(x) = Zopkqa(sx- K) (20)

w here

P—[O‘k 'Bk} k= 0,1 (21)
k—Bk o , K= U, 1, ,m

4 Construction examples

Example 1 Let Hx) be an orthogonal scal-
ing function with dilation factor 3, the corre
gonding wo scale symbol P (z) satisfy the fol-
low ing equations'”’:

P(2)= (

w here Sw (z) is symmetric polynomial of order
10, and its coefficients § satisfy s = sw0o-j and
{s}=o= {Q 0146266, - 1 0438800, Q 2183709,
- Q 4972924, - Q 6397556, 2 8958607} .

W e follow the construction schane and gpply

2
l+_Z3+_Z_) 3S 0 (Z) ’

Proposition 2 in Section 3 to construct uni-com-

plex scaling function as follow s
16

®(x)= Y p®(3x- k),
here p« satisfy px = pw « and {pk}?:o =
{(9 658508¢e- 4) - (1 3068%- 3)j, 0+ Oj,
1 15228le- 2)- (1 559149%- 2)j, (- 2 029054e
- 4) + (2 745507¢- 4)j, (- Q 0687318) +
Q 30008le- 2)j, - Q 4609145+ Q 6236621],
127
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Q 1268874- Q 171691j, Q 5354145- Q 7244679j,
Q 6634703- Q 8977399j}. Then the correpond-
ing orthogonal symmetric multiscaling functions

IS
16

®(x) = Zopkcp(sx- k),

w here P«x= P17 , k= 0,1, ,16and

Pk:[; _(ﬂ k=01, ,8

Example 2 L et Hx) be an orthogonal scal-
ing function with dilation factor 3, the corre-
gonding wo scale symbol P (z) satisfy the fol-
low ing equations'®.

P(2)= (

w here S12 (z) is symmetric polynomial of order
12, and its ooefficients s satisfy s = s and
{s}% o= {- Q 0357678, Q 0895864, Q 0393211, -

Q 1848403, Q 7100285, - 4 0910423, 7. 9454287}

similar to exanple 1,w e have
17

®()= ) p®(2x- k),
here p« satisfy px = pw-« and {pk}jB:O =
{ (5 335946e- 4) + (1 21241e- 3)j, (7 979015e
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5 Conclusion

) Bk],k: 0.1, ,10.
Ok

In this paper,we proposed a schene to con-
struct the symmetric compactly supported multi-
scaling function w ith dilation factor a= 3, w hich
proved a nev way to construct desirable property
multiw avelet w ith dilation factor a= 3 Simiilarly,
them ethod can al9 be used to construt multiscal-
ing functionsw ith dilation factor a> 3
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