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Abstract: A m ethod fo r construct ing o rthogonal symm etric compactly suppo rted m ult iscaling functions

w ith dila t ion facto r 3 is given. F irst, compactly suppo rted o rthogonal comp lex2valued un i2scaling function w ith

dila t ion facto r 3 is constructed by using real un i2scaling function. T hen by using the above ob tain ing comp lex

ones, m u lt iscaling functions w ith dila t ion facto r 3 w h ich are o rthogonal symm etric are constructed. F inally,

som e design examp les are given.
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0　In troduction

R ecen t ly, m u lt iw avelets con struct ion gener2
a ted by a fin ite co llect ion of sca ling funct ion s ( i.

e. ,m u lt isca ling funct ion s) have been stud ied. T he

m ain m o tiva t ion fo r m u lt iw avelets is tha t they can

sim u ltaneou sly po ssess desirab le p ropert ies such

as symm etry, o rthogonality, and sho rter suppo rt

fo r a g iven app rox im at ion o rder, w h ich are no t

po ssib le in any rea l2valued sca la r w avelet. O ne of

the earliest and m o st popu lar u sed m u lt iw avelets

w ith m u lt ip licity 2 is the GHM m u lt iw avelets

w h ich w as con structed by Geron im o et a l u sing

fracta l in terpo la t ion. T he m u lt isca ling funct ion s

of the GHM m u lt iw aveltes are bo th symm etric

and o rthogonal. L a ter, by im po sing H erm ite in ter2
po la t ion condit ion s, CHU I and L IAN [ 1 ] con struct2
ed symm etric and an t i2symm etric o rthono rm al

m u lt iw avelets.

It is w ell2know n tha t the m u lt isca ling func2
t ion w ith d ila t ion facto r a = 2 p lay an essen t ia l

ro le in the con struct ion of m u lt iw avelets. So there

is con siderab le litera tu re vo ted to the con struct ion

of m u lt isca ling funct ion w ith d ila t ion facto r a= 2.

Fo r a > 2 case, there are a lso som e litera tu re d is2
cu ssed the con struct ion of w avelet. Fo r exam p le,

fo r un i2w avelet case, L IAN [ 2 ] con structed sym 2
m etric com pact ly suppo rted o rthogonal sca ling

funct ion s w ith sca ling facto r a = 3 and the tw o

co rresponding com pact ly suppo rted o rthogonal

w avelets, one of w h ich is symm etric and the o ther

an t isymm etric; fo r m u lt iw avelts case, the litera2
tu re [ 3 ] a lso d iscu ssed the con struct ion of m u lt i2
w avelets w ith d ila t ion facto r a > 2. How ever, the

con struct ion of having certa in p ropert ies m u lt i2
w avelets w ith d ila t ion facto r a> 2 is no t sim p le. In

th is paper,w e p resen t a m ethod to con struct sym 2
m etric m u lt isca ling funct ion s 5 (x ) w ith d ila t ion

facto r a = 3 from symm etric com pact ly suppo rted

o rthogonal un i2sca ling funct ion s w h ile com p lex2
valued un i2m u lt isca ling funct ion serving as a link,

w h ich is easily im p lem en tab le and differen t from

the ex ist ing m ethods.
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1　Ba sic theory

L et 7 (x ) = (Ω1, ⋯, Ω2r) T be a m u lt iw avelets

w ith d ila t ion facto r 3 if Ωl∈L
2, 1≤l≤2r, and the

fam ily {Ωl: j , k ∶1≤ l≤2r∶ j , k∈Z } con st itu tes a

R iesz basis of L
2.

Fo r con struct ing m u lt iw avelets tha t genera te

M RA of L
2, a s a u sua l app roach, sca ling funct ion s

need to be con structed. W e w ill con sider 5 (x ) =

(Υ1, Υ2, ⋯, Υr ) T sa t isfying tw o sca le m atrix equa2
t ion s:

　　　5 (x ) = ∑
k∈Z

P k 5 (3x - k ) (1)

w here P k , k∈Z are r×r rea l m atrix s. 5 (x ) sa t is2
fying ( 1) w ill be ca lled a m u lt isca ling funct ion

w ith d ila t ion facto r 3 and m u lt ip licity r (w hen r=

1, Υ(x ) w ill be ca lled a un i2sca ling funct ion ). If

the fam ily

　　　{Υl (·- k )∶1≤l≤r∶k∈Z } (2)

con st itues a R iesz basis of its L
22clo su re. A m u lt i2

sca ling fuct ion 5 (x ) is o rthogonal if the fam ily

(2) is a lso. Fo r conven ience, the funct ion Υl, 1≤ l

≤ r w ill a lso ca lled sca ling funct in s. It is clear

from (1) tha t

　　　　5δ(w ) = P (z ) 5δ(w
3

) (3)

w here z = e- iw
3 and P (z ) =

1
3 ∑k∈Z

P kz
k is ca lled the

tw o sca le m atrix sym bo l of the tw o sca le m atrix

sequence {P k }k∈Z of 5.

T he o rthono rm al of 5 and 7 im p lies the fo l2
low ing perfect recon struct ion condit ion s

　　　∑
2

j = 0
ûP (w jz ) û 2= 1, ûz û= 1 (4)

w here w j = e- ij 2Πö3, j = 0, 1, 2.

(4) is equ iva len t to

　　∑
j∈Z

P j P
T
j+ 3k = 3∆k , 0, k∈Z (5)

In o rder to con struct com pact ly suppo rted o r2
thogonal sca ling funct ion s, w e fo llow D aubech ies

by con sidering tw o sca le sym bo ls of the fo rm

　　

P (z ) = (1+ z + z 2

3
) mS n (z )

S n∈Πn w ith (1+ z + z 2) + S n (z )

and S n (1) = 1

(6)

2 　 The com plex-va lued un i- sca l ing

function

T h is sect ion, w e w ill describe a m ethods to

derive com p lex valued un i2sca ling funct ion from a

rea l va lued ones by rep lacing certa in filter

roo ts. [ 4, 5 ] Fo r a = 3, L IAN [ 2 ] con structed a sym 2
m etric com pact ly suppo rted o rthogoal sca ling

funct ion Υ(x ) w h ich tw o sca le sym bo l P (z ) has

the fo llow ing fo rm :

P (z ) = (1+ z + z 2

3
) m

S n (z ) ,

w here S n (z ) = ∑
n

j = 0
sjz

n is symm etric po lynom ia l, i.

e. , sj = sn- j.

Proposit ion 1　L et S n (z ) = ∑
n

j= 0
sjz

n is sym 2

m etric po lynom ia l, i. e. , sj = sn- j , then its roo ts are

con juga te recip roca l roo t pa irs and self con juga te

recip roca l roo t pa irs.

H ence, P (z ) adm its the facto riza t ion:

P (z ) = (1+ z + z 2

3
)m C (z - 1)L 1 (z + 1)L 2·

·7
L 3

i= 1
(z - Κi) (z - Κ- 1

i ) 7
L 4

i= 1
(z - ci) (z - ci)·

·7
L 5

i= 1
(z - z i) (z - z - 1

i ) (z - z i) (z - z - 1
i ) (7)

w here C is som e con stan t, Κi, Κ- 1
i , i = 1, 2, ⋯, L 3

are S n (z ) ’s rea l roo ts; ci, i= 1, 2, ⋯,L 4 are S n (z ) ’s

roo ts and ci= c
- 1
i ; z i, z

- 1
i , i= 1, 2, ⋯, L 5 are con ju2

gate recip roca l roo t pa irs and z i≠z
- 1
i .

N ow w e can expect to con struct the symm et2
ric tw o2sca le sym bo l P C (z ) from P (z ) , and then

un i2com p lex symm etric sca ling funct ion is ob2
ta ined.

Proposit ion 2　L et P (z ) defined in (7) be

tw o sca le sym bo l associa ted w ith Υ(x ) , con struct

P C ( z ) = ( - 1 ) L 1+ L 2 7
L 4

i= 1
ci 7

L 5

i= 1
z iz

- 1
i P ( z ) , T hen

P C (z ) is a symm etric po lynom ia l w ith com p lex

coefficien ts and therefo rce a un i2com p lex symm et2
ric sca ling funct ion w ith d ila t ion facto r 3 associa t2
ed w ith P C (z ) can be con structed1

Remark 1　P C (z ) ob ta ined by P ropo sit ion 2

is no t un ique, no r does the co rresponding un i2
com p lex sca ling funct ion.
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Remark 2 　A lo t of P C ( z ) a re a lso con2
st ructed by o ther rep lacing schem e w h ich differ2
en t the m ethod of P ropo sit ion 2.

3　M ultisca l ing function s w ith d ila-

t ion factor 3

L et ΥR and ΥI be ΥC ’s rea l and im aginary parts,

respect ively, i. e. ,

　　　ΥC (x ) = ΥR (x ) + jΥI (x ) (8)

and sa t isfy the fo llow ing tw o2sca le equat ion

　ΥC (x ) = ∑
m

k= 0
p k ΥC (3x - k ) , p 0pm ≠0 (9)

w here p k = Αk + jΒk , k = 0, 1, ⋯,m , then

　　　P C (z ) = P R (z ) + jP I (z ) (10)

H ere P R (z ) =
1
3 ∑

m

k= 0
Αkz

k , P I (z ) =
1
3 ∑

m

k= 0
Βkz

k.

L et 5 (x ) = [ ΥR (x ) , ΥI (x ) ]T , f rom (11) and

(12) ,w e have

　　5 (x ) = ∑
m

k= 0

Αk - Βk

Βk Αk

5 (3x - k ) (11)

T he Fou rier t ran sfo rm at ion of (14) is

　　　　　5δ(w ) = P (z ) 5δ(w
3

) (12)

H ere

P (z ) =
P R (z ) - P I (z )

P I (z ) P R (z )
.

D efine

P k =
Αk - Βk

Βk Αk

,

then (11) can rew rite as fo llow s:

　　　5 (x ) = ∑
m

k= 0
P k 5 (3x - k ) (13)

Theorem 1　L et ΥC (x ) be a un i2com p lex o r2
thogonal sca ling funct ion, then the m u lt isca ling

funct ion s 5 (x ) associa ted w ith ΥC (x ) is a lso o r2
thogonal1

Proof　Since ΥC (x ) is o rthogonal, i. e. ,

　　　　〈ΥC (·) , ΥC (·- k )〉= ∆0, k (14)

Equ iva len t ly
〈ΥR (·) , ΥR (·- k )〉- 〈ΥI (·) , ΥI (·- k )〉= ∆0, k

〈ΥR (·) , ΥI (·- k )〉+〈ΥI (·) , ΥR (·- k )〉= 0

(15)

F rom (9) and (14) ,w e have

　　　∑
i

p i p i+ 3k = 3∆0, k , k∈Z (16)

(16) is equ iva len t to

　　　
∑

i

[ΑiΑi+ 3k - ΒiΒi+ 3k ]= 3∆0, k

∑
i

[ΑiΒi+ 3k - ΒiΑi+ 3k ]= 0
(17)

(17) is a lso equ iva len t to

　　　∑
i

P iP
T
i+ 3k = 3∆0, k I 2, k∈Z (18)

(18) im p lies m u lt isca ling funct ion being o rthogo2
nal. ø

Theorem 2　L et ΥC (x ) = ΥR (x ) + jΥI (x ) be

com pact ly suppo rted o rthogonal symm etric un i2
com p lex sca ling funct ion, sa t isfying fo llow ing e2
quat ion:

　　ΥC (x ) = ∑
m

k= 0
(Αk + jΒk ) ΥC (3x - k ) (19)

then 5 (x ) = [ ΥR (x ) , ΥI (x ) ]T be a o rthogonal sym 2
m etric m u lt isca ling funct ion s and sa t isfying fo l2
low ing equat ion:

　　　　5 (x ) = ∑
m

k= 0
P k 5 (3x - k ) (20)

w here

　　P k =
Αk - Βk

Βk Αk

, k= 0, 1, ⋯, m (21)

4　Con struction exam ples

Exam ple 1　L et Υ(x ) be an o rthogonal sca l2
ing funct ion w ith d ila t ion facto r 3, the co rre2
sponding tw o sca le sym bo l P (z ) sa t isfy the fo l2
low ing equat ion s[ 2 ]:

P (z ) = (1+ z + z 2

3
) 3

S 10 (z ) ,

w here S 10 ( z ) is symm etric po lynom ia l of o rder

10, and its coefficien ts sj sa t isfy sj = s10- j and

{sj }5
j= 0 = {0. 0146266, - 1. 0438800, 0. 2183709,

- 0. 4972924, - 0. 6397556, 2. 8958607}1
W e fo llow the con struct ion schem e and app ly

P ropo sit ion 2 in Sect ion 3 to con struct un i2com 2
p lex sca ling funct ion as fo llow s:

ΥC (x ) = ∑
16

k= 0
p k ΥC (3x - k ) ,

here p k sa t isfy p k = p 16- k and { p k }8
j = 0 =

{ (9. 658508e- 4) - ( 1. 30689e - 3 ) j , 0 + 0j ,

1. 152281e- 2) - (1. 559149e- 2) j , (- 2. 029054e

- 4 ) + (2. 745507e- 4) j , ( - 0. 0687318 ) +

9. 300081e- 2) j , - 0. 4609145 + 0. 6236621j ,

721

田　华, 等: 尺度因子为 3 的多尺度函数的构造



0. 1268874- 0. 171691j , 0. 5354145- 0. 7244679j ,

0. 6634703 - 0. 8977399j }. T hen the co rrespond2
ing o rthogonal symm etric m u lt isca ling funct ion s

is

5 (x ) = ∑
16

k= 0
P k 5 (3x - k ) ,

w here P k = P 17- k , k= 0, 1, ⋯, 16 and

P k =
Αk - Βk

Βk Αk

, k = 0, 1, ⋯, 8.

Exam ple 2　L et Υ(x ) be an o rthogonal sca l2
ing funct ion w ith d ila t ion facto r 3, the co rre2
sponding tw o sca le sym bo l P (z ) sa t isfy the fo l2
low ing equat ion s[ 5 ].

P (z ) = (1+ z + z 2

3
) 4

S 12 (z ) ,

w here S 12 ( z ) is symm etric po lynom ia l of o rder

12, and its coefficien ts sj sa t isfy sj = s12- j and

{sj }6
j= 0= {- 0. 0357678, 0. 0895864, 0. 0393211, -

0. 1848403, 0. 7100285, - 4. 0910423, 7. 9454287}

sim ila r to exam p le 1,w e have

ΥC (x ) = ∑
17

k= 0
p k ΥC (2x - k ) ,

here p k sa t isfy p k = p 17- k and { p k }8
j= 0 =

{ (5. 335946e- 4) + (1. 21241e - 3) j , (7. 979015e

- 4) + (1. 812956e - 3) j , ( - 5. 965645e - 4) -

(1. 355487- 3) j , (- 4. 416167e- 3) - (1. 003421e

- 2) j , ( - 1. 667377e - 2) - (3. 788539e - 2) j ,

(1. 999552e- 2) + (4. 543292e- 2) j , (3. 659597e

- 2) + ( 8. 315171e - 2) j , ( 5. 951397e - 2) +

0. 135225j , - 0. 1431015 - 0. 3251488j , -

0. 3118046 - 0. 7084684j , - 0. 49007 -

1. 1113515j }1T hen the co rresponding o rthogonal

symm etric m u lt isca ling funct ion s is

5 (x ) = ∑
21

k= 0
P k 5 (3x - k ) ,

w here P k = P 21- k , k = 0, 1, ⋯, 21 and

P k =
Αk - Βk

Βk Αk

, k= 0, 1, ⋯, 101

5　Conclus ion

In th is paper, w e p ropo sed a schem e to con2
st ruct the symm etric com pact ly suppo rted m u lt i2
sca ling funct ion w ith d ila t ion facto r a = 3, w h ich

p roved a new w ay to con struct desirab le p roperty

m u lt iw avelet w ith d ila t ion facto r a= 3. Sim ila rly,

the m ethod can also be u sed to con stru t m u lt isca l2
ing funct ion s w ith d ila t ion facto r a> 3.
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尺度因子为 3 的多尺度函数的构造
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摘　要: 本文给出尺度因子为 a= 3 的紧支撑正交对称多尺度函数的构造格式 1 它首先由尺度因子

a= 3的实单一的紧支撑尺度函数构造出尺度因子 a= 3 的单一紧支撑正交对称的复尺度函数, 然后再由构

造出的复尺度函数构造二重正交紧支撑多尺度函数, 从而为尺度因子 a= 3 的多小波的构造提供一种新途

径 1 算例表明构造算法是可行且极易实施 1
关键词: 紧支撑; 正交; 尺度函数; 尺度因子
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