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Oscillation criteria for second order neutral functional differentia equations

CHEN G Jin-fa
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Abstract: The second order neutral functional differential equationsof mixed type

dt

2
‘Lz x(+ ox(t- h)+c'x(t+h") +ogx(t- g)+ px(t+ g’ )=0

is studied,wherec,c”,h,h", p, g are real nunbers, g and g~ are positive constants, and ome new criterias for the oscilla-

tion of those equations are established The results in thispaper mprove all theorensin[1]

Key words differential equation; neutral; oscilliation

CLC number:0175 21 Document code A

1 Introduction

Consider the second order neutral functional
eguation

gf‘z x () + ox(t- h)+ ¢ x(t+ h")
+gx (t- g)+ px(t+ g')= 0,

wherec,c’ ,h,h",p,qare real numbers,g and g~
are positive constants

The purpose of this article is to establish
om e easily verifiable sufficient conditions, involv-
ing the coefficients and the argumentsonly. M ore
precisely,w e study the oscillatory character of the
neutral equations

(x (0+ ex(t- h)- ¢’x(t+h"))®?

= gx (- g)+ px(t+g’) (1)
(x(+ cx (t+ h)- ¢’ x(t+h™))@

= gx (t- g)+ px(t+g’) (2
(x(®+cx(t- h)y+c x({t+h))?

= gx (t- g)+ px(tt g’) (3)

and
x(®)- ex(t- h)- ¢'x(t+h"))®?
+gx (t- g)+ px(t+ g )=0 (4)
wherec,c’,h and h™ are nonnegative constants,
g.9 ,p,and q are positive real numbers
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The problem of oscillatory behavior of lu-
tions of neutral differential equations is of both
theoretical and practical interest See for example
[4 5], and the references cited therein

A siscustomary, a ©lution is called oscillato-

ry if it hasarbitrarily large zeros and nonoscillato-
ry if it is eventually positive or eventually nega-
tive Equation is called oscillatory if all its lu-
tions are oscillatory.

In the sequel all functional inequalities that
wew rite are assumed to hold eventually, that is,
for all sufficiently large t

Our results in this paper mprove all theo-
rensin[1]

2 Main results

In the following theoren we consider the
neutral Eq (1) and we obtain a sufficient condi-
tion under w hich all solutionsof Eq (1)oscillato-
ry.

Theoren 1 If g> h,

2 2

and
2 2
- _ 2 .
> “e %+ e’
¥ ¢® T C(g- n)?

then Eq (1) isoscillatory.
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Proof Eq (1)isequivalent to
(x(t- g )+ cex(t- h- g")
-c'x(t+h'- g )N)®@
= gx(t- g- g )+ px (1) (0’
or
(x(t+ g)+ ox (- h+ g)
-c'x(tth+g))®
= gx () + px (t+ g~ + g) "
for Eq (1 'or Eq (1)", its characteristic equation
polynomial is
F(N= Xe ® + cXe ™)

-c )\Zel\(h -9 p- ge Mg+ g )’
or
F ()= X%+ cXe '™ ¢
P AU q- qu(g +9)

for F (A),when A> 0, then
F (A)< )\Ze- /\g*+ CAZE- A(h+g*)_ py

w hen A= éz‘ Ne o

T htg' Xe "9 ) attains itsmaximum.

T herefore,

2, 22
F()\)<g*ze +C(g*+h)2e - p

attains itsmaximum. w hen A

Provided
—Lz - 2 _22_ -2
p>g*Ze +C(g*+h)2e ’
then F ()< Q
For F (A), if A< O, then

F ()< X%+ cXe '™ ?- q,

when A= - 'gz X’e" attains itsmaximum. when A
=- g- h’ Xe'@ " attains itsmaximum.
Provided

2 2
. 22 .,
> e %+ ¢ e’
9 g2 (g- h)?

we have F ()< Q
In aword, characteristic equation F (A)= O(or

F (A) = 0)has no real roots So Eq (1) isoscillato-
ry. This completes the proof. —

The follow ing criterion is concerned w ith the
oscillatory behavior of Eq (2).

Theoram 2 If g" > h,

2, _ 2
> e T+ * e
P7 g% TS - n)?

and
2 ., 22
9 g2® T C(g+n)®

then Eq (2)isoscillatory.
Proof Eq (2)is equivalent to
(x(t- g )+ ex(t+ h- g°)
-c'x(tt+h-g"))®@
=agx(t- g- g )+ px (1) (2’
or
(x (t+ g)+ cx (t+ h+ g)
- c'x(t+h'+g))@
=gx () + px (t+ g + g) (2"
for Eq (2)'or Eq (2)", its characteristic equation
polynomial is
F(N= Xe ™ + cXe 0"

- o R e p- g€ Mg+ g )
or
F ()= Xe*+ cXe'™?
SRR - peA(g*+g)

for F (A),when A> 0, then
F(N< Xe™ +cXe '@ " p
2

w hen A= g Ne " attains itsmaximum. when A
Sl Xe "9 attains itsmaximum.
T herefore,
—22— - 2 _22_ -2
F < e tc P e - p
()\) g 2 (g _ h)2 p
Provided
—22— - 2 _22_ -2
> “5e %+ : e
P g 2% T C(g - n)?
then F ()< Q

For F (¥, if A< O, then
F (A< X%+ cXe'™9- g

when A= -

= ge b X' " attains itsmaximum.

Provided

ﬁ, Xe"“ attains itsmaximum. when A

2 2

- 2 _2_.2
P g€ T C(g+ N

wehave F ()< Q
In aword, characteristic equation F (A) = O(or
265



14 3

( ) 2001 7

F () = 0)hasno real roots So Eq (2) isoscillato-
ry. This completes the proof. —
N ext,we present a result which deals w ith
the oscillatory character of Eq (3).
If g>h,g >h",
c_*zz_ze' + ¢ _*22*_26 2
(9" +h) (9 -h)

Theorem 3
2
p> 26 %+
g
and

S S
& g2 (g- h)? (g+ h")?

then Eq (3)isoscillatory.
Proof Eq (3)isequivalent to
(x(t- g )+ ex(t- h- g°)
+c'x(tt+h-g"))?
=ax(t- g- g )+ px (1) X
or
(x (t+ g)+ cx (t- h+ g)
+c'x(t+h'+g))®@
= ox () + px (t+ g + g), (3"
for Eq (3)'or Eq (3)", its characteristic equation
polynomial is
F(N)= Xe ® + cXe '@ "

+ o )\Ze?\(h -lat) p- ge Mg+ g )
or
F ()= X+ cXe't ™9
+ C* )\ZeA(h +9)_ q- pe/\(g +g)

for F (A),when A> 0, then

F(N< Ne ™ + cNe "o
+cXe @ "l p
when A= EJZ Ne

= g_i_h Xe '@ " attains its maximum. A nd

attains itsmaximum. w hen A

w hen A= _2_9* Y Xe "¢ " attains itsmaximum.
T herefore,
2> -2 2 S 2
F < Te T+ B e
()\) 9 2 C(g _ h)z
. 22
+ « * - 3
C (g -nHTP
Provided
2 2 2
. . . 2
> “Se %+ ; e 2+ " P
P79 TS - n* T (g n)?
then F ()< Q

For F (A, if A< 0, then

F (D)< X% e ™94 ¢ XMl g
266

2

when A= - g X€¥ attains itsmaximum. when A

= . _2_9_ -, €' " attains its maximum. A nd
2
g+ h™’

Provided

when A= - Xe'@ ") attains itsm axim um.

2 2 2

9> gze' “+ C_Z_(g_ € 2+

¢~ ?
(g+ h )2 )
wehave F ()< Q
In aword, characteristic equation F (A) = O(or

F (N = 0)has no real roots So Eq (3) isoscillato-
ry. This completes the proof. —

Finally,wew ill present an oscillation for Eq
(4w hen c and ¢’ are nonnegative constants

Theoren 4 If g> h,g > h",

p> C—Lze' 2y c*—,zzﬁ—ze'
(h+g") (- h’)

2

and
2 2

L P e
T g+ n)*E
then Eq (4) isoscillatory.

Proof Eq (4)isequivalent to

(x(t- g')- ex(t- h- g")

-c'x(t+h-g"))@
+ogx(t- g- g )+ px (=0 (4)’

>
4 € (g-

or
(x (t+ g)- ox(t- h+ g)
-c¢'x(t+h'+g))®
+ogx ()+ px(t+ g +g)=0 (4)"
for Eq (4)'or Eq (4)", its characteristic equation
polynomial is
F(N=Ne ™ - cNe o
- Aze/\(h*- o) 4 p+ qe Mg+ g")
or

F ()= X9 cXe't ™Y
- Aze/\(h'+g)+ q+ peA(g'+g
for F (A),when A> 0, then
F()> - e "9 ¢ xe 0 " e p
2

g +h

_*2_*' 2\2e- Mg - h"
g - h

)

when A= Xe ™9 attains its maximum.

when A= attains its maxi-

m um.
T herefore,



2 2

_ 2 L2 .
F> - Chrg)® S g-n)® *P
Provided

2 2

p>c 26 24 c " N 2e-2
(h+g") (@ -h)— "

then F () > Q
For F (A, if A< 0, then

= (?\)> _ CAze,\(g- n_ C* AzeA(h’+g)+ q
when A= - _2_9_ -, Xe® Y attains its maximum.
when A= - _2_g+ o €@ ") attains itsmaxim um.

Provided
P
>c e +c N 2€ 7,

9 C(g- n)? (g+ h')?
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we have F () > Q
In aword, characteristic equation F (A)= O(or

F (M= 0) hasno real roots So Eq (4) isoscillato-
ry. This completes the proof. —

Remark: 1 Our theorean 1 4 actually m-
prove the theorem 1 4 offered by GRACE S R.
and LALL IB. S in[1]

2 Our technique here is presented in such a
way that it can be extended in a straight fomw ard
manner to higher order differential equations and
difference equations
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