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O sc illa t ion cr iter ia for second order neutra l functiona l d ifferen tia equa tion s

CH EN G J in2fa
(D ep t. of M ath. , X iam en U niversity, X iam en 361005, Ch ina)

Abstract: T he second o rder neu tral funct ional differen t ia l equations of m ixed type:

d2

d t2〔x ( t) + cx ( t- h) + c3 x ( t+ h3 )〕+ qx ( t- g ) + p x ( t+ g 3 ) = 0

is studied,w here c, c3 , h , h3 , p , q are real num bers, g and g 3 are po sit ive constan ts, and som e new criterias fo r the o scilla2
t ion of tho se equations are estab lished. T he resu lts in th is paper imp rove all theo rem s in [1 ].
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1　In troduction

Con sider the second o rder neu tra l funct iona l

equat ion

d2

dt2〔x ( t) + cx ( t- h ) + c
3

x ( t+ h
3 )〕

+ qx ( t- g ) + p x ( t+ g
3 ) = 0,

w here c, c
3 , h , h

3 , p , q are rea l num bers, g and g
3

are po sit ive con stan ts.

T he pu rpo se of th is art icle is to estab lish

som e easily verif iab le sufficien t condit ion s, invo lv2
ing the coefficien ts and the argum en ts on ly. M o re

p recisely, w e study the o scilla to ry character of the

neu tra l equa t ion s:

(x ( t) + cx ( t- h ) - c
3

x ( t+ h
3 ) ) (2)

= qx ( t- g ) + p x ( t+ g
3 ) (1)

(x ( t) + cx ( t+ h ) - c
3

x ( t+ h
3 ) ) (2)

= qx ( t- g ) + p x ( t+ g
3 ) (2)

(x ( t) + cx ( t- h ) + c
3

x ( t+ h
3 ) ) (2)

= qx ( t- g ) + p x ( t+ g
3 ) (3)

and

(x ( t) - cx ( t- h ) - c
3

x ( t+ h
3 ) ) (2)

+ qx ( t- g ) + p x ( t+ g
3 ) = 0 (4)

w here c, c
3 , h and h

3 are nonnegat ive con stan ts,

g , g
3 , p , and q are po sit ive rea l num bers.

　　T he p rob lem of o scilla to ry behavio r of so lu2
t ion s of neu tra l d ifferen t ia l equa t ion s is of bo th
theo ret ica l and p ract ica l in terest. See fo r exam p le
[4～ 5 ], and the references cited therein.

A s is cu stom ary, a so lu t ion is ca lled o scilla to2
ry if it has arb it ra rily la rge zero s and nono scilla to2
ry if it is even tua lly po sit ive o r even tua lly nega2
t ive. Equat ion is ca lled o scilla to ry if a ll it s so lu2
t ion s are o scilla to ry.

In the sequel a ll funct iona l inequalit ies tha t

w e w rite are assum ed to ho ld even tua lly, tha t is,

fo r a ll sufficien t ly la rge t.

O u r resu lts in th is paper im p rove a ll theo2
rem s in [1 ].

2　M a in results

In the fo llow ing theo rem w e con sider the

neu tra l Eq. (1) and w e ob ta in a sufficien t condi2
t ion under w h ich a ll so lu t ion s of Eq. (1)o scilla to2
ry.

Theorem 1　 If g > h ,

p >
22

g 3 2e- 2+ c
22

(g 3 + h ) 2e- 2,

and

q>
22

g 2e- 2+ c
22

(g - h ) 2e- 2,

then Eq. (1) is o scilla to ry.
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　　Proof　Eq. (1) is equ iva len t to

(x ( t - g
3 ) + cx ( t- h - g

3 )

　- c
3

x ( t+ h
3 - g

3 ) ) (2)

= qx ( t- g - g
3 ) + p x ( t) (1)′

o r

(x ( t + g ) + cx ( t- h+ g )

　- c
3

x ( t+ h
3 + g ) ) (2)

= qx ( t) + p x ( t+ g
3 + g ) (1) "

fo r Eq. (1)′o r Eq. (1) " , its characterist ic equat ion

po lynom ia l is

F (Κ) = Κ2e- Κg 3
+ cΚ2e- Κ(h+ g 3 )

　- c
3 Κ2eΚ(h3 - g 3 ) - p - qe- Κ(g + g 3 ) ,

o r

F (Κ) = Κ2eΚg + cΚ2e- Κ(h- g )

　- c
3 Κ2eΚ(h3 + g ) - q- p q

Κ(g 3 + g )

fo r F (Κ) ,w hen Κ> 0, then

F (Κ) < Κ2e- Κg 3
+ cΚ2e- Κ(h+ g 3 ) - p ,

w hen Κ=
2

g 3 , Κ2e- Κg 3
a t ta in s its m ax im um. w hen Κ

=
2

h+ g 3 , Κ2e- Κ(h+ g 3 )
a t ta in s its m ax im um.

T herefo re,

F (Κ) <
22

g 3 2e- 2+ c
22

(g 3 + h ) 2e- 2- p.

P rovided

p >
22

g 3 2e- 2+ c
22

(g 3 + h ) 2e- 2,

then F (Κ) < 0.

Fo r F (Κ) , if Κ< 0, then

F (Κ) < Κ2eΚg + cΚ2e- Κ(h- g ) - q,

w hen Κ= -
2
g

, Κ2eΚg a t ta in s its m ax im um. w hen Κ

= -
2

g - h
, Κ2eΚ(g - h)

a t ta in s its m ax im um.

P rovided

q>
22

g 2e- 2+ c
22

(g - h ) 2e- 2,

w e have F (Κ) < 0.

In a w o rd, characterist ic equat ion F (Κ) = 0 (o r

F (Κ) = 0) has no rea l roo ts. So Eq. (1) is o scilla to2
ry. T h is com p letes the p roof.

T he fo llow ing criterion is concerned w ith the

o scilla to ry behavio r of Eq. (2).

Theorem 2　 If g
3 > h ,

p >
22

g 3 2e- 2+ c
22

(g 3 - h ) 2e- 2

and

q>
22

g 2e- 2+ c
22

(g + h ) 2e- 2,

then Eq. (2) is o scilla to ry.

Proof Eq. (2) is equ iva len t to

(x ( t- g
3 ) + cx ( t+ h - g

3 )

- c
3

x ( t+ h
3 - g

3 ) ) (2)

　　　= qx ( t- g - g
3 ) + p x ( t) (2)′

o r

(x ( t+ g ) + cx ( t+ h+ g )

- c
3

x ( t+ h
3 + g ) ) (2)

　　　= qx ( t) + p x ( t+ g
3 + g ) (2) "

fo r Eq. (2)′o r Eq. (2) " , its characterist ic equat ion

po lynom ia l is

F (Κ) = Κ2e- Κg 3
+ cΚ2e- Κ(g 3 - h)

　- c
3 Κ2eΚ(h3 - g 3 ) - p - qe- Κ(g + g 3 )

o r

F (Κ) = Κ2eΚg + cΚ2eΚ(h+ g )

　- c
3 Κ2eΚ(h3 + g ) - q- p eΚ(g 3 + g )

fo r F (Κ) , w hen Κ> 0, then

F (Κ) < Κ2e- Κg 3
+ cΚ2e- Κ(g 3 - h) - p

w hen Κ=
2

g 3 , Κ2e- Κg 3
a t ta in s its m ax im um. w hen Κ

=
2

g 3 - h
, Κ2e- Κ(g 3 - h)

a t ta in s its m ax im um.

T herefo re,

F (Κ) <
22

g 3 2e- 2+ c
22

(g 3 - h ) 2e- 2- p.

P rovided

p >
22

g 3 2e- 2+ c
22

(g 3 - h ) 2e- 2

then F (Κ) < 0.

Fo r F (Κ) , if Κ< 0, then

F (Κ) < Κ2eΚg + cΚ2eΚ(h+ g ) - q

w hen Κ= -
2
g

, Κ2eΚg a t ta in s its m ax im um. w hen Κ

= -
2

g + h
, Κ2eΚ(g + h)

a t ta in s its m ax im um.

P rovided

q>
22

g 2e- 2+ c
22

(g + h ) 2e- 2

w e have F (Κ) < 0.

In a w o rd, characterist ic equat ion F (Κ) = 0 (o r
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F (Κ) = 0) has no rea l roo ts. So Eq. (2) is o scilla to2
ry. T h is com p letes the p roof.

N ex t, w e p resen t a resu lt w h ich dea ls w ith

the o scilla to ry character of Eq. (3).

Theorem 3　 If g > h , g
3 > h

3 ,

p >
22

g 3 2e- 2+ c
22

(g 3 + h ) 2e- 2+ c
3 22

(g 3 - h3 ) 2e- 2

and

q>
22

g 2e- 2+ c
22

(g - h ) 2e- 2+ c
3 22

(g + h3 ) 2

then Eq. (3) is o scilla to ry.

Proof　Eq. (3) is equ iva len t to

(x ( t- g
3 ) + cx ( t- h - g

3 )

+ c
3

x ( t+ h
3 - g

3 ) ) (2)

　　　= qx ( t- g - g
3 ) + p x ( t) (3)′

o r

(x ( t+ g ) + cx ( t- h+ g )

+ c
3

x ( t+ h
3 + g ) ) (2)

　　　= qx ( t) + p x ( t+ g
3 + g ) , (3) "

fo r Eq. (3)′o r Eq. (3) " , its characterist ic equat ion

po lynom ia l is

F (Κ) = Κ2e- Κg 3
+ cΚ2e- Κ(g 3 + h)

　+ c
3 Κ2eΚ(h3 - g 3 ) - p - qe- Κ(g + g 3 )

o r

F (Κ) = Κ2eΚg + cΚ2eΚ(- h+ g )

　+ c
3 Κ2eΚ(h3 + g ) - q- p eΚ(g 3 + g )

fo r F (Κ) ,w hen Κ> 0, then

F (Κ) < Κ2e- Κg 3
+ cΚ2e- Κ(g 3 + h)

　+ c
3 Κ2e- (g 3 - h3 ) - p

w hen Κ=
2

g 3 , Κ2e- Κg 3
a t ta in s its m ax im um. w hen Κ

=
2

g 3 + h
, Κ2e- Κ(g 3 + h)

a t ta in s its m ax im um. A nd

w hen Κ=
2

g 3 - h
, Κ2e- Κ(g 3 - h)

a t ta in s its m ax im um.

T herefo re,

F (Κ) <
22

g 3 2e- 2+ c
22

(g 3 - h ) 2e- 2

　+ c
3 22

(g 3 - h3 ) 2 - p.

P rovided

p >
22

g 3 2e- 2+ c
22

(g 3 - h ) 2e- 2+ c
3 22

(g 3 - h 3 ) 2.

then F (Κ) < 0.

Fo r F (Κ) , if Κ< 0, then

F (Κ) < Κ2eΚg+ cΚ2eΚ(- h+ g ) + c
3 Κ2eΚ(g + h3 ) - q

w hen Κ= -
2
g

, Κ2eΚg a t ta in s its m ax im um. w hen Κ

= -
2

g - h
, Κ2eΚ(g - h)

a t ta in s its m ax im um. A nd

w hen Κ= -
2

g + h3 , Κ2eΚ(g + h3 )
a t ta in s its m ax im um.

P rovided

q>
22

g 2e- 2+ c
22

(g - h ) 2e- 2+ c
3 22

(g + h3 ) 2e- 2,

w e have F (Κ) < 0.

In a w o rd, characterist ic equat ion F (Κ) = 0 (o r

F (Κ) = 0) has no rea l roo ts. So Eq. (3) is o scilla to2
ry. T h is com p letes the p roof.

F ina lly, w e w ill p resen t an o scilla t ion fo r Eq.

(4)w hen c and c
3 are nonnegat ive con stan ts.

Theorem 4　 If g > h , g
3 > h

3 ,

p > c
22

(h+ g 3 ) 2e- 2+ c
3 22

(g 3 - h 3 ) 2e- 2

and

q> c
22

(g - h ) 2e- 2+ c
3 22

(g + h3 ) 2e- 2,

then Eq. (4) is o scilla to ry.

Proof　Eq. (4) is equ iva len t to

(x ( t - g
3 ) - cx ( t- h - g

3 )

- c
3

x ( t+ h
3 - g

3 ) ) (2)

+ qx ( t- g - g
3 ) + p x ( t) = 0 (4)′

o r

(x ( t + g ) - cx ( t- h+ g )

- c
3

x ( t+ h
3 + g ) ) (2)

+ qx ( t) + p x ( t+ g
3 + g ) = 0 (4) "

fo r Eq. (4)′o r Eq. (4) " , its characterist ic equat ion

po lynom ia l is

F (Κ) = Κ2e- Κg 3
- cΚ2e- Κ(g 3 + h)

　- c
3 Κ2eΚ(h3 - g 3 ) + p + qe- Κ(g + g 3 )

o r

F (Κ) = Κ2eΚg - cΚ2eΚ(- h+ g )

　- c
3 Κ2eΚ(h3 + g ) + q+ p eΚ(g 3 + g )

fo r F (Κ) , w hen Κ> 0, then

F (Κ) > - cΚ2e- Κ(h+ g 3 ) - c
3 Κ2e- Κ(g 3 - h3 ) + p

w hen Κ=
2

g 3 + h
, Κ2e- Κ(h+ g 3 )

a t ta in s its m ax im um.

w hen Κ=
2

g 3 - h 3 , Κ2e- Κ(g 3 - h3
a t ta in s its m ax i2

m um.

T herefo re,
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F (Κ) > - c
22

(h+ g 3 ) 2e- 2- c
3 22

(g 3 - h3 ) 2e- 2+ p.

P rovided

p > c
22

(h+ g 3 ) 2e- 2+ c
3 22

(g 3 - h 3 ) 2e- 2,

then F (Κ) > 0.

Fo r F (Κ) , if Κ< 0, then

F (Κ) > - cΚ2eΚ(g - h) - c
3 Κ2eΚ(h3 + g ) + q

w hen Κ= -
2

g - h
, Κ2eΚ(g - h)

a t ta in s its m ax im um.

w hen Κ= -
2

g + h3 , Κ2eΚ(g + h3 )
a t ta in s its m ax im um.

P rovided

q> c
22

(g - h ) 2e- 2+ c
3 22

(g + h3 ) 2e- 2,

w e have F (Κ) > 0.

In a w o rd, characterist ic equat ion F (Κ) = 0 (o r

F (Κ) = 0) has no rea l roo ts. So Eq. (4) is o scilla to2
ry. T h is com p letes the p roof.

Remark: 1. O u r theo rem 1～ 4 actua lly im 2
p rove the theo rem 1～ 4 offered by GRA CE S. R.

and LALL IB. S. in [1 ].

2. O u r techn ique here is p resen ted in such a

w ay tha t it can be ex tended in a stra igh t fo rw ard

m anner to h igher o rder d ifferen t ia l equa t ion s and

difference equat ion s.
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二阶泛函微分方程解的振动性判别准则

程金发

(厦门大学 数学系, 福建 厦门 361005)

摘　要: 研究了二阶混合中立型泛函数微分方程:
d2

d t2 [ x ( t) + cx ( t- h ) + c
3

x ( t+

h
3 ) ]+ qx ( t- g ) + p x ( t+ g

3 ) = 0, 这里 c, c
3 , h , h

3 , p , q 是实数, g 和 g
3 是正常数 1 并对

其解的振动性建立了若干判别准则 1 本文结果改进了文[1 ]中所有定理 1
关键词: 微分方程; 中立型; 振动性
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