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Abstract :Orthonorma wave et packets, which wasintroduced by Coif man and Meyer in[1] , are used to furture deconpose wave et

components. In thispaper , generaized orthonorma waveet packets are constructed. The correponding decompostion and reconstruc

tion agorithmsfor implementation are d < given. The generdized orthonorma wave et packets we give are more flexible than the wave

let packetsin [1].
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1 Introduction

Orthonormal wavelet packets introduced by Coif-
man and Meyer (see [ 1]) are used to furture decompese
wavelet components. Orthonormal wavelet packets are
extended to nonrorthonorma setting (see [2]). This
extendon is valuable because linear-phase filters cannot
be constructed by usng compactly supported orthonor-
mal wavelets,but can be constructed by usng semi-or-
thonormal or biorthonormal ones. Wavdet packets with
the scaling matrix are studied by Cheng Zhengxing (see
[3]) . Wavelet packetswith the scalingfactor a(a=2,
a Z)are a® invesigated (see [4]) . In this paper,
generalized orthonormal wavelet packetsisintroduced.
The corregponding decomposition and reconstruction
agorithmsfor implementation are a0 given. The gen-
eralized orthonorma wavelet packets we give are more
flexiblein its gpplication. and It generalizes the result
in[1].

Throughout this paper ,the gace of al square-in-
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tegrable functions on the red line will be denoted,as
usud ,by L® = L? (R) ,the gace of sgquare summable
sequence will be denoted by 1? ,and the notation for in-
ner produce and Fourier trandorm of functionin L?is

given by
fg =[ 10 a0d0x &

and

f (w) :I:e' Y (%) dx )
for any function f ,we will dways use the notation

fi(x) =2"2F(2'x - K) 3
2 Orthonormal wavelet and wavelet

packets
Let g L?(R)be a wavelet function ,if Y (x)

satis‘yI f(x)dx = 0.An orthonorma bases of

wavelet can be consgructed from a multiresolution
anayds(MRA) .
A function @ ( x) iscaled a scding function,
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if ®(x) satifies
P (x) = 2pP(2x- Kk Z (4)
If ®(x) satifies
D(x-j) P(x-k =0;,,j,k z (5
caled @ (x) anorthonorma scaling function.
Wecadl ¢ (x) L*(R) anorthonorma waveet ,
if st {W,,,j,k Z}isan orthonorma bases of L’
(R) j.e. Y Wim =0,0km,j,k,I,m Z.
Define a subgpace VV; CL*(R) by
V,=Cos? @,k Z,j Z (6)
Asusua @ (x) in (4) generatesa multiresolution
andyss{V,}, cof L?(R) ,if {V,}, .definedin (6)
satidy the following properties:
1.--- CV.1CVoCVy--

2.Cos2m =( § 2Vj) = L*(R) ;

3. n; 2V, ={0};

4. Vi(x) Vo <sf(@2X) Vmiri:

5 Vm Z,V, =Cos?2{®P, .}, z,and st

{®n.n}n zisan uncondition bassof V..
Let{ W;},j Z denote the orthonorma comple-
mentary subgpace of V; in Vj.;,and Y congtitutes a

Riex badsfor W, ,i.e. ,

W, =Clos2 Y;« k Z,j Z (7
Visi=V, 0w, ,j Z (8)

Therefore,
L*(R) = W, (9)

From condition(7) ,it isclear that P (x) isin W,
C V1 ,Hence there exists a sequence { o} such that

Y(x) = 5P @2x- K (10)
In what follows et usthe notation:
Ho(x) =P (x) (11)
Ha(x) =g (x)

Po(2) =% 2Pz
1 (12)
Pi(2) =5 Y4z

Hence ,the two-scae relation of the scaling function ®
and its corregponding wavelet Y are given by

{Uoz ZPMO(ZX' k)

(13)
M= ZQIUO(ZX' k)
or equivaently
HE @) = Pole 5 ()
(14)

ph @) = Pile s ()

This new notation isintended to facilitate the i ntroduc
tion of thefollowing family of functions,caled” wavelet
packets’ ,these functions give rise to orthonormal bases
which can be used to improve the performance of
wavdetsfor timefrequency locdization.
Definition 1" The functionsp . ,n =21 or 21 +
1,1=0,1,... ,defined by
{m(x) = $pHi(2x- K

Maiea(x) = 3o (2x- K)
are called” wavelet packets’ relative to the orthonormal
scaling function o =@,

(15)

3 Consruction of generalized or-
thonor mal wavelet packets
Definition 2 A Laurent seriesis caled the Wie
ner class,which will be denoted by W ,if its corre-
gonding sequences{ a,} in |, ,namely 3] a,| < oo.
Let uscondder an arbitrary Laurent series
R(z) of dass W ,which never vanishes on the unit
circle| z| =1.By Wiener’ sLemma,we have —1
R(z)
W.
Let { a,} C |1 ,we will usual congder symbols
A(z) = nzzanzn (16)
to select { p,) and{ qi } isin I, ,itscorregponding s
) . 1 <k . 1
quences symbolsis P (2) =75 Fpez',Q (2) =7
Zq[ Z“. For convenience let P, = P" (2) , P, (2) =
Q (2) ,P(2) =P(2) ,P.(2) = Q(2). The require
ment on the matrix
Po* (2) Pok (- z
. (17)
P. (- 2)

M(Z) :[ Plﬁ(Z)
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isunitary.i.e. , M(z) M (z) =1,0n| z| =1 ,where
M (z) =(M(2)) ".According to (17) ,
M (z) isunitary ,then

| P (D|°+| P (- 2|7 =1

| P (£| P (-2)]°=1

Po (2) PL (2) + P (- 2) Py (-2) =0,| 2| =
1 (19)

Definition 3  Thefunctionsd,,n=21 or 21 +
1,1=0,1,... ,ddfined by
Mo(x) = ZPIUO(ZX' k)

Hi(x) = Yabo(2x- k)
UZI(X)zzpk*“I(ZX' k)
Haiea (%) = Jadi (2x- K)

are cdled” generalized wavelet packets’ relative to the
orthonorma scding function By = @, here, the s=

(18)

(20)

quences{ p«} and { .} are two scae sequences.
To describe M, n  Z. ,via its Fourier trans

form ,we need the dyadic expansgonof n Z, ,name

ly:
n= 32" g, {01 (21)

Observe that (21) is dways a finite sum and the ex-

pangonisunique.if 2* ' < n<2% s, Z. ,we have

€, =1for j=s+1land€; =0for j > +1. D that n
so+1 ) € So )
— j-1 n _<a i-1
= j:zlsjz ,and 55 +j:zlsj+12 .
Asusua let [ x] denote thelargest integer not ex-
ceeding x ,and observe that n :Z[En] +€,=2n; +

Ny
kzl] ,where no

£, here n, = [3”]) .Smilarly , ne = [

SO- k+1 )
=n,thus nc = 3 €,.«2""". For convenience, let
2

RY (2) = R, (2) where n.21,and R¥ (2) = R,

(z) ,where n, =0.

Theorem 1 Let n be any nonnegative integer
and let the dyadic expanson of n be given by (21) ,
then the Fourier transform of the wavelet packet U, is
given by

w2k

Ho@) =R¥(E")w R (22)

Theorem 2 Let ® be any o. n. scaling function
and {M .} be given by definition 3 ,then for each n
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Z,
Holo- ) Mol - K =04,k Zo (23

Theorem 3 The family {M,} is a generd o. n.
wavelet packets,then

M2 (- - J) Ha:1(- - k) =0,
ik z,1 zZ (24)

The proof method of Theorem 1  Theorem 3 is
smilar to the proof methodof [1,Th7.24 Th7.26],
therefore ,the proof of Theorem 1  Theorem 3 isig-
nored.

Let {W,} be afamily of general wavelet packets
corregponding to ome 0. n. scaing function i, =P
For each n Z. ,condder the family of subspaces

U =Closiz(m 2'%H,(2'x- k) ,

k Z., zZ,n zZ. (25)
generated by {M .} . Recal that
u=v,,j z
s . (26)
Uj = Wj v Z

where{ V;} is MRA of L*(R) generated by P, =®
and { W;} is the squence of 0. n. complementary
(wavelet) subspaces generated by the wavelet U, =,
then the orthonormal decompostion V;.; = V; ®W, ,
i Z,may be written as
Ul..=ujoui,j z (27)
In the following ,we shall give orthonorma decompos-
tionof L*(R).
Therorem 4 Let n be any nonnegative integer ,
then
ULi=Ui"oui""j z (28)
According to (20) in definition 3 and Theorem 3 it is
easy to proof theorem 4.
Theo[em 5 Foreach |j=1,2,
w, = U, 0U,
W, = U], QU;., OU;., QU] ,

1

k k K+
W, =UL, QUi e oui, !

j i, j+1
W, =U; OQu; T ou; !

Furthermore for each m=0, ,2“-1,k=1, s
and j=1,2, ,thefamily
{27 P n(@ x-1) | 2 (29)



2k+m

isan orthonorma bassof Uj. «
Corollary 1 Foreach j=0,1,2,
L*(R) = Qw,
= OW., OW, OU; OU; ® (30)
Of course the family{W;« Mo (- - k) j=
1,0;n=2,3, and k Z}isano.n.bassof L*(R).
Let f'(x) U then f/'(x) may be written as
f(x) = Dld'ba.(@x- 1) (31)
By applying(31) ,f.: ( x) can be decomposed into f!'"
(x) ,and f3""*(x) ,then
Decomposition agorithm:
d 2 = Zaﬁ.")z.d"k*l’"ﬁ =0,.,

Reconstruction agorithm:

Ref erences:

47 = STphd ™ + o,
Remar k p?-zk = Pi-2k, Cﬁ(—”zk = -2k, pf?)zk =
pl*»zk ,qf.")zk = QI*-Zk(n 21) .

4 Conclusion

In this paper ,to sdlect { px } and { qi } isin I,
and M (z) defined in (17) is unitary. Obvioudy ,re-
construction sequences { pc} and { o} of and arbitray
scding function and its correponding wavelet satisy
(17) . Of course, sequences satifing condition (17)
isn’t sure recongtruction sequences(see [2]) . Hence,
Ceneradized orthonorma wavelet packets can reduce to
orthonorma waveet packets introduced by Cofiman
and Meyer[1] when { pc} ={ p} and { ax'} = { a}.
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